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Abstract: We perform a model-independent classification of Weakly Interacting Massive
Particle (WIMP) dark matter candidates that have the property that their scattering off
nucleons is dominated by spin-dependent interactions. We study renormalizable theories
where the scattering of dark matter is elastic and arises at tree-level. We show that if the
WIMP-nucleon cross section is dominated by spin-dependent interactions the natural dark
matter candidates are either Majorana fermions or real vector bosons, so that the dark matter
particle is its own anti-particle. In such a scenario, scalar dark matter is disfavored. Dirac
fermion and complex vector boson dark matter are also disfavored, except for very specific
choices of quantum numbers. We further establish that any such theory must contain either
new particles close to the weak scale with Standard Model quantum numbers, or alternatively,
a Z ′ gauge boson with mass at or below the TeV scale. In the region of parameter space that
is of interest to current direct detection experiments, these particles naturally lie in a mass
range that is kinematically accessible to the Large Hadron Collider (LHC).
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1. Introduction
While it is now well established that about 80% of the matter in the universe is non-luminous
and non-baryonic, the exact nature of the particles that constitute this dark matter remains
a mystery. It is widely known, however, that weak scale stable particles that interact with
visible matter with strength comparable to the weak force naturally tend to have the right relic
abundance to explain observations. Then perhaps the simplest candidates for dark matter
are such Weakly Interacting Massive Particles (‘WIMP’s). Many well-motivated extensions
of the Standard Model (SM) contain WIMP dark matter candidates that have been shown
to yield the correct relic abundance, for example supersymmetry [1, 2], extra dimensional
theories [3, 4], little Higgs models [5, 6] and the left-right twin Higgs model [7].
A variety of current and future experiments are involved in the search for WIMP dark
matter. These include direct detection experiments, which aim to directly observe dark
matter, indirect detection experiments, which search for the annihilation products of dark
matter, and collider experiments, which hope to directly produce dark matter. The signal
in current direct detection experiments is the kinetic energy transferred to a nucleus after it
scatters off a dark matter particle. The energies involved are less than or of order 10 keV,
which is well below the typical nuclear energy scales. Therefore, at these energies, the WIMP
sees the entire nucleus as a single unit, with a net mass, charge and spin.
The magnitude of the WIMP-nucleus scattering cross section is extremely sensitive to
the exact form of the interactions of the dark matter particle with the individual nucleons.
In theories where the WIMP couples primarily to the spin of the nucleon, the corresponding
interactions are labelled as spin-dependent. On the other hand, in theories where the WIMP-
nucleon cross section is insensitive to the spin of the nucleon, the corresponding interactions
are labelled as spin-independent. For a given WIMP-nucleon cross section, the corresponding
WIMP-nucleus cross section is in general significantly larger for spin-independent interactions
than for spin-dependent interactions. Why is this? Spin-independent scattering tends to be
coherent, receiving contributions from all the nucleons in the nucleus. The corresponding
WIMP-nucleus cross section is enhanced by a factor of A2, where A is the mass number
of the nucleus. On the other hand, since the spins of nucleons in a nucleus tend to cancel
in pairs, there is no such enhancement in the spin-dependent WIMP-nucleus cross section.
For this reason, direct detection experiments are much more sensitive to spin-independent
interactions than to spin-dependent interactions. In particular, the current bound on spin-
independent WIMP-nucleon interactions is about five orders of magnitude stronger than the
corresponding bound on spin-dependent interactions [8, 9, 10, 11].
Clearly, the prospects for direct detection of dark matter depend crucially on whether
WIMP-nucleon interactions are primarily spin-dependent or spin-independent. Recently,
several authors have studied the relative sizes of the spin-dependent and spin-independent
contributions to the WIMP-nucleon cross section [12, 13, 14, 15]. In this paper we perform a
model-independent classification of dark matter candidates whose interactions with nucleons
are primarily spin-dependent. We study renormalizable theories where dark matter scattering
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is elastic and arises at tree-level. For each theory we calculate at lowest order the form of
the effective operator that governs WIMP-nucleon scattering, and determine whether it leads
to spin-dependent or spin-independent interactions. Our results are in excellent agreement
with what would be expected from a naive operator analysis. We find that the dark matter
candidates where spin-dependent interactions can naturally dominate are Majorana fermions
and real vector bosons, so that the dark matter particle is its own anti-particle. However, the
converse is not true. Specifically, the fact that the dark matter particle is a Majorana fermion
or real vector boson is not by itself enough to guarantee that spin-dependent interactions
dominate.
If the WIMP-nucleon cross section is primarily spin-dependent, scalar dark matter is
disfavored. Dirac fermion and complex vector boson dark matter are also disfavored, ex-
cept for very specific choices of quantum numbers. If dark matter is composed of scalars,
WIMP-nucleon scattering is purely spin-independent. The interactions of Dirac fermions and
complex vector bosons with nucleons always tend to have have a significant spin-independent
component, unless the dark matter sector possesses a discrete symmetry similar in nature to
charge conjugation, but under which the SM fields are invariant.
Theories where the tree-level WIMP-nucleon cross section is primarily spin-dependent
share a feature which is potentially of great significance for colliders. We find that any such
theory must contain either
• new particles at the weak scale charged under at least one of the SM gauge groups, or
• a Z ′ gauge boson with mass at the TeV scale or below.
We show that in the region of parameter space that is of interest for current direct detection
experiments, the masses of these new particles naturally lie in a range that is kinematically
accessible to the Large Hadron Collider (LHC). The results of direct detection experiments
that are looking for WIMPs with spin-dependent interactions with nuclei are therefore highly
correlated with dark matter searches at the LHC.
The layout of the paper is as follows. In section 2, we distinguish using an effective field
theory approach the dark matter candidates that have a primarily spin-dependent WIMP-
nucleon cross section. We classify the various models in terms of the spin and quantum
numbers of both the dark matter particle and of the intermediate particle mediating the
interaction. We highlight the favored scenarios in section 3, and analyze in greater detail
their consequences. In section 4, we investigate the link between direct detection experiments
and collider experiments. We conclude in section 5.
2. Classification of models
2.1 Operator Analysis
In this section we identify and classify theories that have predominantly spin-dependent
couplings to nucleons. WIMP dark matter is constrained to be neutral under both elec-
tromagnetism and color [16]. This implies that in renormalizable theories WIMPs do not
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scatter off gluons at tree-level. Our approach will therefore be to first identify all the
renormalizable theories which generate tree-level WIMP-quark scattering. For each such
theory we find the form of the effective operators that contribute to the WIMP-nucleon
cross section. Each operator leads to either spin-dependent or spin-independent scattering,
enabling us to distinguish theories where spin-dependent interactions dominate. We limit
our analysis to purely elastic scattering, leaving the more complicated cases of inelastic dark
matter [17, 18, 19] and form factor dark matter [20, 21, 22] for future work. - However,
before proceeding, we first perform an operator analysis of the various possibilities. Similar
operator studies have been performed in [13, 23]. The matrix element for dark matter-nucleus
scattering will in general involve the expectation values of quark bilinear operators inside the
nucleus of the form 〈N | q¯ Γq |N〉, where Γ represents any of γ5, γµ, γµγ5, σµν or simply the
identity 1. Of these, q¯γ5q always leads to cross sections that are velocity suppressed in the
non-relativistic limit, and is therefore typically sub-dominant. Furthermore, the operators
q¯q, q¯γ5q and q¯ σµνq violate the approximate chiral symmetry of QCD, leading to cross
sections that are suppressed by the quark masses (unless there are additional sources of chiral
symmetry breaking in the theory). For these reasons the operators q¯γµq and q¯γµγ5q, when
present, in general tend to dominate the cross section. Of these, the temporal component of
q¯γµq leads to spin-independent interactions, and the spatial component of q¯γµγ5q leads to
spin-dependent interactions. The spatial components of q¯γµq and the temporal component
of q¯γµγ5q are velocity suppressed. The problem of identifying theories where the dominant
interactions of dark matter with nucleons are sizeable and spin-dependent is therefore largely
equivalent to finding theories where the couplings of dark matter to quarks are such that the
operator q¯γµγ5q is present in the low energy effective Lagrangian, whereas the operator q¯γµq
is not.
However, in some cases neither q¯γµq nor q¯γµγ5q is generated at leading order. The
dominant contribution to the cross section may then arise from one or more of the operators
which are chirality suppressed. Of these q¯q always generates spin-independent interactions
while q¯ σµνq always generates spin-dependent interactions in the non-relativistic limit. The
operator q¯γ5q generates spin-independent interactions, but these are additionally velocity
suppressed and usually negligible.
Consider first the case of scalar dark matter. What are the possible operators that involve
scalars coupling to q¯γµγ5q at leading order? Consider a complex scalar field, which we denote
by φ. One obvious candidate operator is
φ†∂µφ q¯γµγ5q. (2.1)
However, for both temporal and spatial µ the corresponding matrix element is velocity
suppressed. It is straightforward to verify that this result applies in general to any operator
that couples scalar dark matter to q¯γµγ5q. No such constraint arises in the cases of the
operator q¯γµq. For this reason, the dominant interactions of complex scalar dark matter are
in general spin-independent.
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The case of real scalar dark matter is slightly different. After integration by parts the
operator above can be rewritten as
φ∂µφ q¯γ
µq → φ2 ∂µ (q¯γµq) . (2.2)
This operator does not contribute to the tree-level WIMP-nucleon cross section, as a conse-
quence of the equation of motion (since q¯γµq corresponds to a conserved current). In such a
scenario the leading contribution to the cross section is expected to arise from the chirality
suppressed operator
φ2q¯q. (2.3)
Therefore, in the case of scalar dark matter, WIMP-nucleon scattering is in general spin-
independent.
We move on to the case of fermionic dark matter. If we denote the dark matter candidate
by a four component spinor χ, the obvious candidate operators at leading order are
χ¯γµχ q¯γ
µγ5q and χ¯γµγ
5χ q¯γµγ5q. (2.4)
While the first of these operators is velocity suppressed, the second does indeed lead to spin-
dependent interactions. However, for spin-dependent interactions to dominate, the operator
χ¯γµχ q¯γ
µq (2.5)
must be absent. Now, if χ is a Majorana fermion, then χ¯γµχ identically vanishes and so
this operator is automatically absent. However, in the case of Dirac fermions, in the absence
of any symmetry to forbid this operator we expect that it will be present. One symmetry
that can forbid this operator is a discrete symmetry under which the dark matter field χ is
interchanged with χc, its charge conjugate, while the SM fields are invariant. If the theory
does not possess such a symmetry, we expect that the WIMP-nucleon scattering cross section
will have a sizeable spin-independent component. As for the operator
χ¯γµγ
5χ q¯γµq (2.6)
which also gives rise to spin-independent interactions, it turns out that the corresponding
matrix elements are velocity suppressed.
The final possibility is that the dark matter particle is a vector boson. We first consider
the case where the corresponding vector field is real, so that the dark matter particle is its
own anti-particle. If we denote the dark matter candidate by Bµ, in the non-relativistic limit
the physical degrees of freedom correspond to spatial µ. The operator
µνλσB
ν∂λBσ q¯γµγ5q (2.7)
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gives rise to spin-dependent interactions. The corresponding operator but with q¯γµγ5q
replaced by q¯γµq is velocity suppressed. There also exist other operators that arise at the
same order such as
Bν∂µBν q¯γ
µγ5q and Bν∂µBν q¯γ
µq. (2.8)
However, these do not contribute significantly to the tree-level cross section. The effects of
the first operator are velocity suppressed, while the second does not contribute significantly
as a consequence of the equation of motion. Other operators that arise at the same order
include
Bν∂νBµ q¯γ
µγ5q and Bν∂νBµ q¯γ
µq. (2.9)
However, it is straightforward to verify that these lead to interactions that are always velocity
suppressed. Therefore real vector boson dark matter naturally leads to spin-dependent
interactions.
Finally we come to the case of complex vector dark matter. The operator
µνλσBν
†∂λBσ q¯γµγ5q (2.10)
gives rise to spin-dependent interactions. However, the operator
Bν∂µBν
† q¯γµq. (2.11)
can now generate spin-independent interactions, and must be forbidden by a symmetry for
spin-dependent interactions to dominate. One possibility is a discrete symmetry under which
the vector field is interchanged with its charge conjugate Bµ ↔ −B†µ, while the SM fields are
invariant. In the absence of such a symmetry we expect that the WIMP-nucleon cross section
will in general have a sizeable spin-independent component.
Our conclusions from the operator analysis are that scalar dark matter always leads to
spin-independent interactions, while Majorana fermion and real vector boson dark matter
naturally lead to spin-dependent interactions in the chiral limit. In the cases where dark
matter is composed of Dirac fermions or complex vector bosons, we expect that the WIMP-
nucleon cross section will in general have a sizeable spin-independent component, except
for very specific choices of quantum numbers. In what follows we firm up this conclusion by
studying each of these cases in more detail. Our approach will be to consider all renormalizable
theories which lead to tree-level WIMP-quark scattering. For each theory we calculate the
quark bilinears that appear in the effective operators which contribute to the WIMP-nucleon
cross section, enabling us to immediately identify those theories where scattering is primarily
spin-dependent.
2.2 Scalar Dark Matter
We begin by considering the case of scalar dark matter. In general the scalar may be real, or it
may be complex. Both cases are qualitatively similar, but with subtle differences. In general,
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Figure 1: Scalar dark matter scattering diagrams
the tree-level scattering of a scalar φ with quarks can occur through any of the Feynman
diagrams shown in Fig 1.
Our approach will be to start from the renormalizable Lagrangian that corresponds to
each diagram separately, integrate out the intermediate particle, and find the form of the
effective Lagrangian. We are particularly interested in interactions which generate a spin-
dependent (q¯γµγ5q) coupling to quarks.
Diagram 1a: t-channel vector exchange
We note that this diagram only exists if the scalar particle is complex. Here the vector boson
Z being exchanged may correspond either to the Z of the SM, or to a new Z ′ which has been
added to the SM. We do not consider the scenario where Z corresponds to the SM photon
since the photon always couples to the vector bilinear q¯γµq, and we expect spin-independent
scattering will dominate. At the renormalizable level, the form of the interaction between a
complex scalar and a vector boson is fixed. In unitary gauge,
L = −1
4
FµνFµν + 1
2
m2Z Z
µZµ + a(φ
†∂µφ− φ∂µφ†)Zµ + q¯γµ(α− βγ5)q Zµ. (2.12)
We now integrate out the vector particle using its equation of motion,
Zµ =
[
(∂2 +m2Z)g
βµ − ∂µ∂β
]−1 [−a(φ†∂βφ− φ∂βφ†)− q¯γβ(α− βγ5)q] . (2.13)
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The inverse of the differential operator above can be simplified using
[
(∂2 +m2Z)g
βµ − ∂µ∂β
]−1
=
gβµ +
∂β∂µ
m2Z
∂2 +m2Z
. (2.14)
In order to elucidate the operator structure, we expand the above in powers of ∂/mZ , keeping
only the zeroth and first order terms. For t-channel processes such as this one, this corresponds
to assuming that the net momentum transfer in the process is much less than mZ , which is
certainly valid in the non-relativistic regime. Under this approximation,
Zµ ' 1
m2Z
[
−a(φ†∂µφ− φ∂µφ†)− q¯γµ(α− βγ5)q
]
. (2.15)
This leads to the effective Lagrangian
Leff '
[
a(φ†∂µφ− φ∂µφ†) + q¯γµ(α− βγ5)q
] 1
2m2Z
[
−a(φ†∂µφ− φ∂µφ†)− q¯γµ(α− βγ5)q
]
.
(2.16)
Keeping only terms in the effective Lagrangian relevant to our process, this reduces to
Leff ' − a
m2Z
(φ†∂µφ− φ∂µφ†) q¯γµ(α− βγ5)q. (2.17)
In the low energy limit the spatial components of the derivative are suppressed. Therefore,
the axial-vector contribution vanishes in the non-relativistic limit and we are left with
Leff ' − aα
m2Z
(φ†∂µφ− φ∂µφ†) q¯γµq. (2.18)
We see from this that, as expected, scattering is spin-independent.
Diagram 1b: t-channel scalar exchange
The dark matter field in this process may either be real or complex. This constitutes the
primary detection channel in several scalar dark matter models [24, 25, 26, 27, 28]. If the
dark matter field particle is complex, the general renormalizable Lagrangian has the form
L = 1
2
(∂h)2 − 1
2
m2hh
2 − aφ†φh− q¯(α− βγ5)qh. (2.19)
The case where the scalar field is real is very similar and may be recovered simply by setting
φ† = φ in the above Lagrangian. Here h could represent the SM Higgs, or more generally
any real scalar that couples to quarks. We follow the same procedure as earlier. Using the
equation of motion for the intermediate scalar h, we integrate it out,
h = (∂2 +m2h)
−1
[
−aφ†φ− q¯(α− βγ5)q
]
. (2.20)
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As before, working in an expansion in powers of ∂/mh and neglecting terms of order ∂
2/m2h
or higher, we have
h = −aφ
†φ+ q¯(α− βγ5)q
m2h
. (2.21)
The relevant part of the effective Lagrangian is then
Leff ' φ
†φ
m2h
[
aα q¯q − aβ q¯γ5q] . (2.22)
As noted earlier, the spinor q¯γ5q vanishes in the non-relativistic limit. We are left with
Leff ' aα
m2h
φ†φ q¯ q. (2.23)
which generates purely spin-independent interactions. The reason for the apparent disagree-
ment with the naive operator analysis of the previous subsection is that the interaction
Lagrangian we started from here explicitly breaks chiral symmetry. Therefore it is not
surprising that the leading operator in the effective theory also breaks chiral symmetry.
Diagram 1c: s- and u-channel fermion exchange
In this case there are two distinct possibilities, depending on whether the scalar field is real or
complex. For a complex scalar field there is only one diagram, which may either be s-channel
or u-channel, depending on whether it is the particle or anti-particle being scattered. On the
other hand, for a real scalar both s- and u-channel diagrams are present.
For the complex scalar, the calculation proceeds as follows. We start with the general
form of the Lagrangian,
L = Q¯(i/∂ −mQ)Q− q¯(α− βγ5)Qφ† − Q¯(α∗ + β∗γ5)qφ. (2.24)
The equation of motion for Q takes the form,
Q =
i/∂ +mQ
∂2 +m2Q
[−(α∗ + β∗γ5)qφ] . (2.25)
Derivatives acting on the quark fields can be neglected, since these effects are generally
suppressed by powers of ΛQCD/mQ (or ΛQCD/mφ) relative to other contributions. We expand
in ∂/mQ as before, keeping only zeroth order and first order terms. For s-channel and u-
channel processes in the non-relativistic limit, this corresponds to the assumption that the
WIMP mass squared is much less than the mass squared of the particle being exchanged,
m2φ  m2Q. Although mφ < mQ is required for WIMP decays to be kinematically forbidden,
it does not follow that m2φ  m2Q is necessarily satisfied. However, this approximation
suffices to determine the leading term in the low-energy effective interaction that emerges from
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this class of theories, and determine whether it leads to spin-dependent or spin-independent
interactions. We will relax this assumption in the next section. Then
Q = −mQ(α∗ + β∗γ5)q 1
m2Q
φ− γµ(α∗ + β∗γ5)q i∂µ
m2Q
φ. (2.26)
The relevant terms in the effective Lagrangian are given by
Leff ' 1
m2Q
q¯(α− βγ5)φ† (mQ(α∗ + β∗γ5)qφ+ iγµ(α∗ + β∗γ5)q∂µφ) . (2.27)
In the non-relativistic limit the derivative picks out the time direction, and therefore only the
vector quark current survives in the second term above. We are left with
Leff ' 1
mQ
(|α|2 − |β|2) q¯q φ†φ+ i
m2Q
(|α|2 + |β|2) q¯γµq φ†∂µφ. (2.28)
We see from this that the only interactions that are generated have the scalar and vector forms,
both of which lead to spin-independent scattering. As expected, in the chiral limit (when
α = ±β) the scalar contribution vanishes and we are left with just the vector interaction. For
the real scalar, the effective Lagrangian is obtained by simply setting φ† = φ in the equation
above. In this case the second term in the equation above does not contribute, as may be
verified by integrating by parts. Then the leading contribution to the cross section arises
from a chiral symmetry breaking effect, as expected from our operator analysis. In summary,
we never generate sizeable spin-dependent interactions at low energies in the case of scalar
dark matter.
2.3 Fermionic Dark Matter
We now move on to the case of fermionic dark matter. It is convenient to consider the cases
of the Dirac fermion and Majorana fermion separately.
2.3.1 Dirac Fermion Dark Matter
We begin with the case where dark matter consists of Dirac fermions. In what follows we
require that the Lagrangian has a symmetry under which the Dirac field χ can be arbitrarily
rephased, χ→ χ exp (iθ). This is necessary to ensure that the Dirac nature of χ is maintained
at loop level, so that χ does not split into two Majorana states. At tree-level the interaction
of the dark matter particle with quarks can arise in any of four different ways as shown in
the diagrams below. Diagrams 2a and 2b arise in some specific theories with Dirac fermion
dark matter [29, 30].
Diagram 2a: t-channel vector exchange
The most general renormalizable Lagrangian corresponding to this process takes the form
L = −1
4
FµνFµν + 1
2
m2Z Z
µZµ + χ¯γ
µ(α− βγ5)χZµ + q¯γµ(α˜− β˜γ5)qZµ. (2.29)
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Figure 2: Dirac fermion dark matter scattering diagrams
The analysis is similar to that of diagram 1a. In particular, since the external states are
still non-relativistic, the analysis of integrating out the mediator particle is exactly same as
before. Once again we neglect terms of order ∂2/m2Z , leading to
Zµ ' gµν
m2Z
[
−χ¯γν(α− βγ5)χ− q¯γν(α˜− β˜γ5)q
]
. (2.30)
The effective Lagrangian can be immediately read off as
Leff =
[
χ¯γµ(α− βγ5)χ+ q¯γµ(α˜− β˜γ5)q
] gµν
2m2Z
[
−χ¯γν(α− βγ5)χ− q¯γν(α˜− β˜γ5)q
]
. (2.31)
We note that the mixed terms above do not survive in the non-relativistic limit. Keeping
only terms relevant to our process, we are left with
Leff ' − 1
m2Z
[
αα˜ χ¯γµχ q¯γµq + ββ˜ χ¯γ
µγ5χ q¯γµγ
5q
]
. (2.32)
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We see that in general both spin-dependent and spin-independent interaction terms arise.
However, if either α or α˜ is zero, the interaction is purely spin-dependent. The case α = 0
corresponds to the limit where the dark matter sector possesses a symmetry under which
χ ↔ χc, while the SM fields are invariant. We will consider this possibility in greater detail
in the next section.
Diagram 2b: t-channel scalar exchange
The relevant part of the Lagrangian takes the form
L = 1
2
(∂h)2 − 1
2
m2hh
2 − χ¯(α− βγ5)χh− q¯(α˜− β˜γ5)qh. (2.33)
We follow the same procedure as earlier to integrate out h. We solve the equation of motion
for h, and ignore terms of order ∂2/m2h and higher,
h ' − 1
m2h
[
χ¯(α− βγ5)χ+ q¯(α˜− β˜γ5)q
]
. (2.34)
This leads to the following effective Lagrangian
Leff =
[
χ¯(α− βγ5)χ+ q¯(α˜− β˜γ5)q
] 1
2m2h
[
χ¯(α− βγ5)χ+ q¯(α˜− β˜γ5)q
]
. (2.35)
Keeping only the terms relevant to our process that survive in the non-relativistic limit,
Leff ' αα˜
m2h
χ¯χ q¯q. (2.36)
This leads to purely spin-independent interactions that are suppressed in the limit of exact
chiral symmetry. As before, the reason for the apparent disagreement with the naive oper-
ator analysis of the previous subsection is that the interaction Lagrangian we started from
explicitly breaks chiral symmetry.
Diagram 2c: s- and u-channel vector exchange
We start from the following Lagrangian,
L = −1
2
|∂µXν − ∂νXµ|2 +m2X X†µXµ + χ¯γµ(α− βγ5)qXµ + q¯γµ(α∗ − β∗γ5)χX†µ. (2.37)
We can integrate out the colored vector boson Xµ using its equation of motion. Dropping
terms of order ∂2/m2X and restricting to terms relevant to our process, we get
Leff ' − 1
m2X
[
χ¯γν(α− βγ5)q q¯γν(α∗ − β∗γ5)χ
]
. (2.38)
We can use the Fierz identities listed in Appendix A to rewrite the bilinears above. After
dropping terms which vanish in the non-relativistic limit, the effective Lagrangian takes the
form
L ' 1
m2X
[
(|α|2 − |β|2)q¯qχ¯χ− 1
2
(|α|2 + |β|2)(q¯γµqχ¯γµχ+ q¯γµγ5qχ¯γµγ5χ)
]
. (2.39)
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We see that in general both spin-dependent and spin-independent interactions are generated,
and with comparable magnitudes. The scalar term vanishes in the chiral limit (α = ±β).
This conclusion is not unexpected because there are no values of the parameters α and β for
which the theory enjoys a χ↔ χc symmetry. While it is in fact possible to incorporate such
a symmetry in a manner consistent with the rephasing symmetry of χ, this requires adding
additional fields to the theory. We will therefore not consider this possibility further.
Diagram 2d: s- and u-channel scalar exchange
The part of the Lagrangian relevant to this process has the general form
L = |∂Φ|2 −m2Φ|Φ|2 − χ¯(α− βγ5)qΦ− q¯(α∗ + β∗γ5)χΦ†. (2.40)
Using the equation of motion for Φ (ignoring terms of order ∂2/m2Φ), we get
Φ ' − q¯(α
∗ + β∗γ5)χ
m2Φ
. (2.41)
This leads to the effective Lagrangian
Leff ' 1
m2Φ
[|α|2(χ¯q)(q¯χ)− |β|2(χ¯γ5q)(q¯γ5χ) + αβ∗(χ¯q)(q¯γ5χ)− α∗β(χ¯γ5q)(q¯χ)] . (2.42)
After a Fierz rearrangement, neglecting terms which are velocity suppressed we are left with
Leff ' − 1
4m2Φ
[
(|α|2 − |β|2)(q¯qχ¯χ+ 1
2
q¯ σµνqχ¯ σµνχ) + (|α|2 + |β|2)(q¯γµqχ¯γµχ− q¯γµγ5qχ¯γµγ5χ)
]
.
(2.43)
As in the previous case, we see that both spin-independent and spin-dependent interactions
are necessarily generated. As expected, the scalar and tensor contributions vanish in the
chiral limit. Once again, this conclusion could have been anticipated because there are no
values of the parameters α and β that are consistent with a χ ↔ χc interchange symmetry.
Incorporating such a symmetry without violating the rephasing symmetry of χ necessarily
requires expanding upon this minimal field content, and we will therefore not expand on this
possibility.
We see that in the case that the dark matter particle is a Dirac fermion, in the chiral limit
most interactions necessarily generate both spin-dependent and spin-independent scattering.
The solitary exception to this general rule arises in the case of vector boson exchange in the
t-channel, and then only for very specific choices of charges. We will return to this possibility
in the next section.
2.3.2 Majorana Fermion Dark Matter
We now move on to the case where the dark matter is Majorana. Due to the fact that
the Majorana fermion is its own anti-particle, those bilinears which are odd under charge
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Figure 3: Majorana fermion dark matter scattering diagrams
conjugation vanish for Majorana spinors.
Bilinear C
χ¯χ +
iχ¯γ5χ +
χ¯γµχ −
χ¯γµγ5χ +
χ¯ σµνχ −
(2.44)
Therefore, for a Majorana fermion, the vector and the tensor bilinears vanish. With this
in mind, we can now use our earlier results from the Dirac fermion case with only minor
modifications. Majorana fermions arise naturally in supersymmetric theories of dark matter,
in particular the processes corresponding to diagrams 3a, 3b and 3d [1].
Diagram 3a: t-channel vector exchange
Setting the vector coupling of χ to zero in the effective Lagrangian for the Dirac case in
equation (2.31), we find
Leff =
[
χ¯γµ(−βγ5)χ+ q¯γµ(α˜− β˜γ5)q
] gµν
2m2Z
[
−χ¯γν(−βγ5)χ− q¯γν(α˜− β˜γ5)q
]
. (2.45)
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Note that we have chosen a convention where assigning the canonically normalized Majorana
field unit charge under Z corresponds to setting β = 12 . Keeping only terms relevant to our
process, and dropping interactions which are velocity suppressed we see that
Leff ' − ββ˜
m2Z
χ¯γµγ5χq¯γµγ
5q. (2.46)
We see that only spin-dependent couplings are generated, in agreement with our operator
analysis.
Diagram 3b: t-channel scalar exchange
The analysis here is very similar to that of the Dirac case considered earlier, and also leads
to interactions that are purely spin-independent.
Diagram 3c: s- and u-channel vector exchange
If we again work to zeroth order in ∂2/m2X , we can just copy the result from the Dirac case
in equation (2.39), dropping the vector interaction term. Hence
Leff ' 1
m2X
[
(|α|2 − |β|2)q¯qχ¯χ− 1
2
(|α|2 + |β|2)(q¯γµγ5qχ¯γµγ5χ)
]
. (2.47)
The dominant interaction is spin-dependent. There is also a spin-independent contribution
which vanishes in the limit of exact chiral symmetry (α = ±β), and which can therefore
naturally be small. Thus, this is another class of interactions which generates primarily
spin-dependent interactions.
Diagram 3d: s- and u-channel scalar exchange
This case is again very similar to that of Dirac fermions except for the vector and tensor
couplings, which vanish for a Majorana fermion. The effective Lagrangian is then
Leff ' − 1
4m2Φ
[
(|α|2 − |β|2)q¯qχ¯χ− (|α|2 + |β|2)q¯γµγ5qχ¯γµγ5χ
]
. (2.48)
As expected from our operator analysis, this interaction generates exclusively spin-dependent
cross sections if chiral symmetry (α = ±β) is imposed.
To summarize, when the dark matter particle is a Majorana fermion, the non-relativistic
WIMP-nucleon cross section is dominated by spin-dependent interactions in the chiral limit,
in perfect agreement with the operator analysis.
2.4 Vector Dark Matter
We now consider the case of dark matter being a vector field, which may be real or complex.
In the case that the vector field Bµ is complex, we require that the Lagrangian be invariant
under the rephasing of Bµ by an arbitrary amount, Bµ → Bµ exp (iθ). This is to ensure that
the degeneracy of the two real vector fields that constitute Bµ is radiatively stable.
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There are three classes of diagrams that can contribute to the scattering of vector dark
matter with SM quarks at tree-level. Diagrams 4b and 4c arise in the context of universal
extra dimensions [31, 32] and also in the context of the littlest Higgs with T-parity [33].
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Figure 4: Vector dark matter scattering diagrams
Diagram 4a: t-channel vector exchange
An interaction of this form arises only if the vector field is complex. The reason is that
the triple gauge boson coupling is proportional to the completely anti-symmetric structure
constant fabc, which requires the presence of at least three distinct real vector dark matter
fields. For simplicity we assume that the interaction is mediated by a single real vector boson
Z. Our results can easily be generalized to more complicated cases. We let the gauge index
take values 1, 2, 3, and denote the structure constant f123 by f . We define the dark matter
field Bµ in terms of the a = 1, 2 components as
Bµ =
A1µ + iA
2
µ√
2
, (2.49)
and associate the intermediate particle Zµ with the gauge index a = 3. We start from the
following Lagrangian, dropping terms which are irrelevant for this process.
L = −1
4
FaµνFµνa +
1
2
m2ZZµZ
µ + gq¯γµ(α− βγ5)qZµ
' −1
4
(∂µZν − ∂νZµ)2 + 1
2
m2ZZµZ
µ + gq¯γµ(α− βγ5)qZµ
+
[
igf
(
ZµBν†(∂µBν − ∂νBµ) +B†µBν∂µZν
)
+ h.c.
]
. (2.50)
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From the equation of motion for Zµ, keeping terms upto first order in ∂/mZ , we find
Zµ ' − 1
m2Z
[
gq¯γµ(α− βγ5)q + igf(B†ν∂µBν −B†ν∂νBµ −Bν∂µBν† +Bν∂νBµ†)
−igf∂ν(B†νBµ −Bµ†Bν)
]
. (2.51)
Eliminating Zµ using its equation of motion and keeping only the terms relevant for this
process that survive in the non-relativistic limit, we obtain the effective Lagrangian
Leff ' iαg
2f
m2Z
(
Bν∂µB
ν† − ∂µBνBν†
)
q¯γµq. (2.52)
This generates purely spin-independent interactions.
Diagram 4b: t-channel scalar exchange
We first start with the case of a real vector dark matter field. The relevant part of the
Lagrangian has the general form
L = 1
2
(∂h)2 − 1
2
m2hh
2 + aBµB
µh− q¯(α˜− β˜γ5)qh. (2.53)
Integrating out h, and ignoring terms of order ∂2/m2h and higher, we find
h ' aBµB
µ − q¯(α˜− β˜γ5)q
m2h
. (2.54)
The relevant terms in the effective Lagrangian are then
Leff ' − aα˜
m2h
BµB
µq¯q. (2.55)
This diagram generates spin-independent interactions that are suppressed in the chiral limit.
It is straightforward to verify that in the case of complex vector dark matter, the conclusion
is exactly the same. The Lagrangian we began from explicitly breaks chiral symmetry, which
is why this result differs from our naive operator analysis.
Diagram 4c: s- and u-channel fermion exchange
We again start with the case that the dark matter field is real. The most general renormal-
izable Lagrangian for such a process takes the form
L = Q¯(i/∂ −mQ)Q+ q¯γµ(α− βγ5)Q Bµ + Q¯γµ(α∗ − β∗γ5)q Bµ. (2.56)
Integrating out Q at tree-level we find
Q =
i/∂ +mQ
∂2 +m2Q
[
γµ(α∗ − β∗γ5)q Bµ
]
. (2.57)
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This leads to the effective Lagrangian
Leff = q¯γν(α− βγ5)Bν i
/∂ +mQ
∂2 +m2Q
[
γµ(α∗ − β∗γ5)q Bµ
]
. (2.58)
Once again keeping only zeroth order and first order terms in an expansion in powers of ∂/mQ
we find
Leff = 1
m2Q
[
mQ q¯γ
ν(α− βγ5)γµ(α∗ − β∗γ5)q BµBν
]
+
i
m2Q
[
q¯γν(α− βγ5)γαγµ(α∗ − β∗γ5)q Bν∂αBµ
]
. (2.59)
where we have neglected terms where the derivatives act on the quark fields, and terms
which vanish in the non-relativistic limit. After integrating by parts and using the identity
γµγαγν − γνγαγµ = 2iαµνργργ5, this reduces to
Leff = 1
m2Q
[
mQ (|α|2 − |β|2)q¯q BµBµ
]
− µνρσ 1
m2Q
[
(|α|2 + |β|2)q¯γργ5q − (αβ∗ + βα∗)q¯γρq
]
Bν∂σBµ. (2.60)
In the low energy limit, the derivative picks out the σ = 0 component in the second term.
The  tensor then requires the other indices to be spatial. Therefore the term proportional
to the quark vector current is velocity suppressed. The effective Lagrangian is then
Leff = 1
m2Q
[
mQ (|α|2 − |β|2)q¯q BµBµ − µνρσ(|α|2 + |β|2)q¯γργ5q Bν∂σBµ
]
. (2.61)
The spin-independent contribution vanishes in the limit of exact chiral symmetry, and can
therefore naturally be small. Therefore, the spin-dependent cross section naturally dominates
in this case.
We now move on to the case where the vector dark matter field is complex. Then only
the u-channel diagram contributes. The Lagrangian we start from is modified to
L = Q¯(i/∂ −mQ)Q+ q¯γµ(α− βγ5)Q Bµ + Q¯γµ(α∗ − β∗γ5)q B†µ. (2.62)
The equation of motion for Q¯ leads to
Q =
i/∂ +mQ
∂2 +m2Q
[
γµ(α∗ − β∗γ5)q B†µ
]
. (2.63)
The effective Lagrangian is then
Leff = q¯γν(α− βγ5)Bν i
/∂ +mQ
∂2 +m2Q
[
γµ(α∗ − β∗γ5)q B†µ
]
. (2.64)
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Working to first order in ∂/mQ, we are left with
Leff = BµB
†
ν
mQ
q¯
[
(|α|2 − |β|2)γµγν + (α∗β − αβ∗)γµγνγ5] q
+
iBµ∂αB
†
ν
m2Q
q¯
[
(|α|2 + |β|2)γµγαγν − (α∗β + αβ∗)γµγαγνγ5] q. (2.65)
Here we have neglected the action of derivatives on quark fields. To distinguish spin-independent
and spin-dependent contributions, we make use of the following identities.
γµγν = gµν − iσµν
γµγνγ5 = gµνγ5 +
1
2
µναβσαβ
γµγαγν = gµαγν − gµνγα + gναγµ + iµανργργ5
γµγαγνγ5 = gµαγνγ5 − gµνγαγ5 + gναγµγ5 + iµανργρ. (2.66)
Dropping terms that do not survive in the non-relativistic limit, we find the form of the
effective Lagrangian to be
Leff = |α|
2 − |β|2
mQ
(
B†µB
µ q¯q − iBµB†ν q¯σµνq
)
+
i(|α|2 + |β|2)
m2Q
[
−Bµ(∂αB†µ) q¯γαq + iµανρBµ(∂αB†ν) q¯γργ5q
]
. (2.67)
We see that even in the limit of exact chiral symmetry, both spin-independent and spin-
dependent interactions are present. This is exactly as expected, since there are no values of
the parameters α and β for which the theory admits a Bµ ↔ −Bµ† interchange symmetry.
It is not possible to incorporate such a symmetry in a manner consistent with the rephasing
symmetry of Bµ unless additional fields are added to the theory.
In conclusion, we see that in the chiral limit, the results of scalar, real vector and Majorana
fermion dark matter are in perfect agreement with the operator analysis we performed
earlier. Scalar dark matter always leads to spin-independent interactions, while in the limit of
exact chiral symmetry Majorana fermions and real vector bosons give rise to spin-dependent
interactions. There is always a sizeable spin-independent component to the WIMP-nucleon
cross-section in the cases of Dirac fermion and complex vector boson dark matter, except for
very specific choices of quantum numbers. From this it follows that primarily spin-dependent
WIMP-nucleon cross sections are closely associated with theories where the dark matter
particle is its own anti-particle.
3. Models with spin-dependent couplings
We now study in more detail the cases which naturally lead to purely spin-dependent inter-
actions in the chiral limit. We continue to work in the non-relativistic regime, and under the
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assumption that the momentum transfer in the scattering process is much less than both the
dark matter mass and the characteristic nuclear scales. We however no longer assume that
the dark matter mass is much less than the mass of the particle mediating the interaction.
3.1 Dirac fermion
t-channel vector exchange
Z
χ, χc
χ, χc
q
q
Figure 5: Dirac dark matter scattering through t-channel vector exchange
We return to the Lagrangian
L = −1
4
FµνFµν + 1
2
m2Z Z
µZµ + χ¯γ
µ(α− βγ5)χZµ + q¯γµ(α˜− β˜γ5)qZµ. (3.1)
Since the momentum in the propagator in the case of t-channel exchange is negligible com-
pared to the dark matter mass, we can continue to use the effective Lagrangian defined in
equation (2.31),
Leff ' − 1
m2Z
[
αα˜ χ¯γµχ q¯γµq + ββ˜ χ¯γ
µγ5χ q¯γµγ
5q
]
. (3.2)
This leads to purely spin-dependent scattering only in the cases when either α or α˜ is zero,
while both β and β˜ are non-zero.
Consider first the possibility that α˜ = 0. Clearly the charges of the quarks under the
SM Z are such that this criterion is not satisfied. The crucial question is then whether a Z ′
can exist for which such a charge assignment is phenomenologically viable. The requirement
that β˜ 6= 0 implies that the left- and right-handed quarks have different charges under the
Z ′. This in turn means that either the SM Higgs is charged under the Z ′, or alternatively
that the quark masses arise from non-renormalizable interactions. We consider each of these
possibilities in turn.
If the SM Higgs is charged under the Z ′, when electroweak symmetry is broken the SM Z
will mix with the Z ′. The mixing angle is of order (mZ/m′Z)
2. After diagonalization the dark
matter particle will be acquire a charge under the Z of order (mZ/m
′
Z)
2. This will generate
a sizeable spin-independent contribution to the WIMP-nucleon cross section. We conclude
that this approach is not viable.
If the SM Higgs is not charged under the Z ′, then the quark masses must arise from non-
renormalizable interactions involving both the SM Higgs and the Higgs field H ′ that breaks
the gauge symmetry corresponding to the Z ′. While this is perhaps adequate for the light
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quarks, it is somewhat unsatisfactory for the top quark, whose mass is large. This problem
can be avoided by assigning the three generations different charges under the Z ′, but at the
expense of a new source of flavor violation close to the weak scale. In addition there is a
chirality suppressed spin-independent contribution to the WIMP-nucleon cross section from
H ′ exchange, which may be sizeable. We conclude that this scenario is disfavored, although
perhaps not excluded.
We now consider the alternate scenario where α = 0. If the Dirac fermion χ has no
interactions beyond those in the Lagrangian above, a simple change of variables allows
the theory with α = 0 to be rewritten as a theory of two degenerate Majorana fermions
with identical charges under Z. This theory is therefore not distinct from the case of
Majorana fermion dark matter to be considered in the next section. If χ does have additional
interactions, however, this theory of Dirac fermion dark matter is in general not equivalent
to a theory of Majorana fermion dark matter. We conclude that this class of theories of
Dirac fermion dark matter can indeed give rise to primarily spin-dependent WIMP-nucleon
scattering at tree-level, but only if the WIMP carries very specific charges under the gauge
boson. We will not consider this possibility further.
3.2 Majorana fermion
t-channel vector exchange
p1 p2
p3
Z
p4
χ
χ
q
q
Figure 6: Majorana dark matter scattering through t-channel vector exchange
We start from the Lagrangian
L = −1
4
FµνFµν + 1
2
m2Z Z
µZµ + χ¯γ
µ(−βγ5)χZµ + q¯γµ(α˜− β˜γ5)qZµ. (3.3)
We can again neglect momentum-dependent terms in the propagator, leading to the matrix
element
M = −2ββ˜
m2Z
u¯χγ
µγ5uχ〈q¯γµγ5q〉. (3.4)
The matrix elements 〈q¯γµγ5q〉 etc. are defined in Appendix B, while uχ, u¯χ are the
familiar spinors corresponding to the dark matter fermion. We see that this diagram does
indeed lead to purely spin-dependent cross sections. The gauge boson exchanged in this
process may be either the SM Z, or a new Z ′. If it is the SM Z, then the dark matter particle
must either constitute the neutral component of a single representation of SM SU(2)L or arise
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as a linear combination of the neutral components of different SU(2)L representations. There
is no such constraint if the gauge boson is a Z ′. The physics of these two cases is therefore
very different, and so we consider them separately.
Exchange of the Standard Model Z
Consider first the case of the SM Z. Since the Z is light and all its couplings are fixed,
this scenario is already somewhat constrained by experiments. Let us understand the nature
of these bounds. As explained above, the dark matter must either be the neutral component
of an SU(2)L representation, or a linear combination of the neutral components of different
SU(2)L representations and SM singlets. If the dark matter is not part of a linear combination,
the direct detection constraints arising from spin-dependent WIMP-nucleon interactions are
very strong. For example, a Majorana neutrino in a pure SU(2)L doublet representation has
been excluded by XENON as a dark matter candidate [10]. For this reason we expect that
in this class of theories the WIMP will be a linear combination of the neutral components of
different SU(2)L representations, which allows the possibility of weaker couplings to the Z,
thereby loosening the direct detection constraints.
In addition to this spin-dependent contribution to the WIMP-nucleon cross section from Z
exchange, there is also necessarily a spin-independent contribution from SM Higgs exchange.
We now explain the origin of this effect. The coupling of any chiral field in an SU(2)L
representation to the Z is proportional to I3 + Q sin
2 θW , where I3 is the weak-isospin, Q is
the electric charge and θW is the weak mixing angle. It follows that for the neutral component
to have non-zero charge under the Z, the representation must carry hypercharge. Therefore,
until electroweak symmetry is broken, it cannot acquire a Majorana mass. This implies that
the Majorana mass of any dark matter particle charged under the Z can arise only as an
electroweak symmetry breaking effect, from couplings involving the Higgs. The conclusion is
that in this class of theories there is a spin-independent contribution to the WIMP-nucleon
cross section mediated by the Higgs, which is in general correlated with the spin-dependent
cross section mediated by the Z [15].
In order to obtain a quantitative understanding of the constraints on this scenario, we
choose a benchmark model. We consider a theory where the dark matter particle arises
as a linear combination of the neutral components of two SM SU(2)L doublets which have
hypercharges Y = ±12 .
ξ =
(
ξ+
ξ0
)
ξc =
(
ξc0
ξc−
)
. (3.5)
In addition to a Dirac mass for ξ and ξc, we include a non-renormalizable operator that gives
rise to a Majorana mass term for the neutral component of ξ.
L ⊃ −(H
†ξ)2
Λ
+ h.c. (3.6)
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Here H is the SM Higgs doublet. This non-renormalizable operator can be generated by
integrating out a SM singlet. The Higgs acquires a vacuum expectation value,
〈H〉 = 1√
2
(
0
v
)
, (3.7)
where v = 246 GeV. We generate a Majorana mass term and a Yukawa coupling for the
neutral component of the field ξ0. We denote the physical Higgs field of the SM that emerges
after electroweak symmetry breaking by h. The Lagrangian now contains,
L ⊃ − g
cos θW
(
ξ¯0
1
2
σ¯µξ0 − ξ¯c0
1
2
σ¯µξc0
)
Zµ
−
[
1
2
(
ξc0 ξ0
)( 0 M
M m
)(
ξc0
ξ0
)
+ yξξ0ξ0h+ h.c.
]
, (3.8)
where m = v2/Λ and yξ = m/v. The lighter eigenstate of the two mass eigenstates ξD is the
dark matter field,
ξD = cosφ ξ0 + sinφ ξ
c
0. (3.9)
where φ is the mixing angle. The couplings of ξD in the mass basis are given by
L ⊃ − g cos 2φ
2 cos θW
ξ¯Dσ¯
µξDZµ −
[
yξ cos
2 φ ξDξD h+ h.c.
]
. (3.10)
Translating this to couplings with a four-component Majorana fermion, χ, to be consistent
with the rest of our analysis, we find,
L ⊃ g cos 2φ
4 cos θW
χ¯γµγ5χZµ − yξ cos2 φ χ¯χh. (3.11)
The coupling to the Z is suppressed by cos 2φ. In the limit m  M , this is simply
−m/2M . The dark matter mass in this limit is approximately equal to M . Therefore, we
see that at higher dark matter masses the XENON spin-dependent bounds can be avoided.
However, since the coupling of the WIMP to the Higgs yξ is proportional to the Majorana
mass term m and independent of M , the spin-independent cross section is insensitive to the
dark matter mass in this limit. Therefore the spin-dependent and spin-independent bounds
are somewhat complementary, with the latter more effective for larger values of the dark
matter mass.
In figure 7 we display the interplay between spin-dependent and spin-independent direct
detection bounds in the benchmark model. The upper (lower) curve with positive slope shows
the current (future) bounds on spin-dependent scattering from the XENON experiment as
a function of the dark matter mass. The upper (lower) curve with negative slope shows
the maximum value of the spin-dependent scattering cross section that is consistent with
the current (future) spin-independent direct detection constraints, arising from the Higgs
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Figure 7: The maximum spin-dependent WIMP-nucleon cross section in the benchmark model
consistent with the current (blue solid) and projected (green dashed) bounds on the spin-
independent cross section from direct detection experiments. Also shown are current (blue
dotted) and projected (green dotted) bounds on spin-dependent scattering from the XENON
experiment. The black dot-dashed line shows where the WIMP-Higgs Yukawa coupling yξ = 1.
exchange contribution as explained above. In obtaining this bound we have assumed a
Higgs mass of 120 GeV. Note that the shaded blue region has already been excluded, either
by the limits on the spin-dependent WIMP-nucleon cross section from XENON, or from
spin-independent direct detection constraints. Therefore, in the near future, spin-dependent
searches can only expect to find a signal in the triangular region on the left side of the plot, at
dark matter masses below about 400 GeV. In most of this region spin-independent searches
also have discovery potential. We have also included in this figure a curve that indicates
the value of the spin-dependent cross section corresponding to a Yukawa coupling of 1 as a
function of the dark matter mass, to establish that the entire region of interest for upcoming
experiments can be studied reliably using perturbation theory. Although these conclusions
apply strictly only to this benchmark model, we expect that similar results will hold in the
more general case of Majorana fermion dark matter scattering mediated by the SM Z.
Exchange of a New Z ′
If the gauge boson being exchanged is not the SM Z but a new Z ′, there is considerably
more flexibility with regard to charge assignments. However, the severe constraints from preci-
sion electroweak measurements, direct production and four-fermion point interactions [34, 35]
on the mass and couplings of any new gauge boson limits the possible signal in direct detection
experiments. In addition to the spin-dependent contribution to the WIMP-nucleon cross
section, there may also be a spin-independent contribution if the SM Higgs mixes with the
– 23 –
Higgs that gives mass to the Z ′. However, whether this effect arises or not is dependent on
the Z ′ charge assignments, and therefore does not give rise to a robust bound. This is another
difference from the case of the SM Z.
s- and u-channel vector exchange
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Figure 8: Majorana dark matter scattering through s- and u-channel vector exchange
The Lagrangian corresponding to this process is
L = −1
2
|∂µXν − ∂νXµ|2 +m2X X†µXµ + χ¯γµ(α− βγ5)qXµ + q¯γµ(α∗ − β∗γ5)χX†µ. (3.12)
The matrix element for this process may be obtained from the Feynman diagrams. After a
Fierz rearrangement, it reduces to
M' 2
(m2X −m2χ)
[
(|α|2 − |β|2)〈q¯q〉u¯χuχ − 1
2
(|α|2 + |β|2)〈q¯γµγ5q〉u¯χγµγ5uχ
]
. (3.13)
We see that in the chiral limit, scattering is purely spin-dependent, as expected. Note that
the vector particle being exchanged is a SM color triplet.
s- and u-channel scalar exchange
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Figure 9: Majorana dark matter scattering through s- and u-channel scalar exchange
The Lagrangian corresponding to this process is
L = |∂Φ|2 −m2Φ|Φ|2 − χ¯(α− βγ5)qΦ− q¯(α∗ + β∗γ5)χΦ†. (3.14)
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After using Fierz identities and ignoring terms which are velocity suppressed, we can write
the amplitude in terms of the expectation values of quark currents in the nucleus.
M = − 1
2(m2Φ −m2χ)
[(|α|2 − |β|2) u¯χuχ〈q¯q〉 − (|α|2 + |β|2) u¯χγµγ5uχ〈q¯γµγ5q〉] . (3.15)
As expected the cross section is purely spin-dependent in the chiral limit. Again, note that
the scalar being exchanged in this process transforms as a fundamental under SM color.
3.3 Real vector boson
s- and u-channel fermion exchange
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Figure 10: Vector dark matter scattering through s- and u-channel fermion exchange
The only diagram seen to give spin-dependent scattering was diagram 4c. The relevant
Lagrangian takes the form
L = Q¯(i/∂ −mQ)Q+ q¯γµ(α− βγ5)Q Bµ + Q¯γµ(α∗ − β∗γ5)q Bµ. (3.16)
The corresponding matrix element is
M = −2µ(p1)
∗
ν(p3)
m2B −m2Q
[
mQ(|α|2 − |β|2)gµν〈q¯q〉 − i(|α|2 + |β|2)mB0µνρ〈q¯γργ5q〉
]
. (3.17)
This is purely spin-dependent in the chiral limit. The fermion being exchanged in this process
is again a SM color triplet.
3.4 Summary
Our results are summarised in Table 1. We see that the dark matter candidates which natu-
rally lead to sizeable spin-dependent WIMP-nucleon cross sections without correspondingly
large spin-independent cross sections are Majorana fermions and real vector bosons. These
theories share the feature that the dark matter particle is its own anti-particle. We stress
however that the fact that the dark matter particle is a Majorana fermion or real vector boson
is not sufficient by itself to guarantee that WIMP-nucleon cross sections are primarily spin-
dependent. This is only true if the chirality suppressed t-channel scalar exchange contribution
is either absent or sub-dominant. While this can naturally be the case it is certainly not
guaranteed.
The interactions of scalars with nucleons are spin-independent. The cross sections of
Dirac fermions and complex vector bosons in general tend to have a sizeable spin-independent
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Dark Matter Mediator Process Scattering
Scalar
Z,Z ′  SI
h  SI
Q  , SI
Dirac Fermion
Z,Z ′  SI, SD†
h  SI
X  , SI, SD
Φ  , SI, SD
Majorana Fermion
Z,Z ′  SD
h  SI
X  + SD in chiral limit
Φ  + SD in chiral limit
Real Vector
h  SI
Q + SD in chiral limit
Complex Vector
Z,Z ′  SI
h  SI
Q  , SI, SD
Table 1: A summary of our results for WIMP-nucleon scattering, for each dark matter
candidate and mediator. In the Feynman diagrams, scalars are represented by dashed lines,
fermions by solid lines and vector bosons by wavy lines. Of the mediators, h, Z ′ and the SM
Z are neutral under both electromagnetism and color, while X, Φ and Q transform as triplets
under color and carry electric charge.
†Can be primarily SD for specific choices of Z′ charges
– 26 –
component unless the dark sector possesses a discrete symmetry similar to charge conjugation,
but under which the SM fields are invariant. In general incorporating such a symmetry
requires complicating the theory by adding multiple mediators, except in the case of Dirac
fermion dark matter interacting through t-channel vector exchange, when very specific choices
of charge assignments allow such a symmetry to be realized.
What are the constraints from flavor on the class of theories we are considering? For
WIMP-nucleon scattering mediated by the SM Z, flavor bounds are automatically satisfied.
This also applies to t-channel Z ′ exchange, provided the couplings of the Z ′ are flavor-
diagonal. However, couplings of the type quark-WIMP-mediator are very strongly constrained
by precision flavor experiments, as these couplings will in general have a non-trivial flavor
structure. In general, we need different mediators to couple to up-type and down-type
quarks. Further, in order to satisfy these bounds, it may be necessary to introduce either
multiple flavors of the mediating particle or multiple flavors of the dark matter particle, while
incorporating some version of a GIM mechanism. These considerations, while important, do
not impact our conclusions and we therefore leave this for future work.
In summary, we see that in each case where the spin-dependent contribution naturally
dominates, there are either new particles charged under the SM gauge groups, or a new Z ′
gauge boson. In the next section we investigate the implications of this result for the LHC.
4. Implications for Colliders
The analysis above reveals that in the chiral limit there is only one effective operator for each
of Majorana and real vector boson dark matter which leads to spin-dependent interactions
with nucleons . Therefore, a spin-dependent scattering signal in a direct detection experiment
implies a model-independent lower bound on the co-efficient of this operator. This in turn
places limits on the masses of the particles mediating dark matter interactions, which can be
searched for in collider experiments such as the LHC. For WIMPs whose primary interactions
with nucleons are spin-dependent, direct detection experiments and collider searches are
therefore highly correlated. In what follows we consider Majorana fermion dark matter and
real vector boson dark matter in turn, and explore the region of parameter space which is
accessible to direct detection experiments, and to the LHC.
4.1 Majorana Fermion Dark Matter
Starting from the effective Lagrangian
Leff = dq χ¯γ
µγ5χ q¯γµγ
5q, (4.1)
we can derive the cross section (see Appendix B),
σ0 =
16m2χm
2
N
pi(mχ +mN )2
 ∑
q=u,d,s
dqλq
2 JN (JN + 1). (4.2)
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proton neutron
∆u 0.78± 0.02 −0.48± 0.02
∆d −0.48± 0.02 0.78± 0.02
∆s −0.15± 0.02 −0.15± 0.02
Table 2: Quark spin fractions in the proton and neutron [37, 38]
For a free nucleon, λq is given simply by ∆
n
q , the spin fraction of the nucleon carried by
quark q. JN is the angular momentum of the nucleus, equal to
1
2 for free nucleons, while mχ
and mN are the dark matter mass and the mass of the nucleus respectively. The quark spin
fractions in the proton and the neutron are shown in Table 2.
This cross section is bounded by current experiments. The KIMS [11] experiment is
currently the most sensitive to the WIMP-proton coupling while the XENON experiment [10]
is the most sensitive to the WIMP-neutron coupling. Direct detection experiments translate
their limits into bounds on the WIMP-nucleon cross section using a model-independent
framework [36]. We see from figure 11a that if the model predicts identical couplings to
neutrons and protons, then the XENON experiment provides the more stringent bound.
These experiments will probe new parameter space in the near future, with the XENON
experiment in particular expected to improve the current limit by two orders of magnitude.
The values of du, dd and ds which appear in equation (4.2) depend on the flavor structure
of the theory. As explained earlier, dark matter scattering mediated by a Z ′ is automatically
consistent with constraints from flavor provided that the couplings of the Z ′ are flavor
diagonal. Therefore dd = ds in this class of models. For theories where WIMP-nucleon
scattering is mediated by Xµ or Φ, the flavor structure is more complicated. In general, a
GIM mechanism is required to ensure that flavor bounds are satisfied. We therefore allow
the possibility of multiple mediators, with each mediator associated with a different quark
flavor. In general the mediators that couple to left- and right-handed quarks are also distinct.
Flavor constraints are satisfied provided that the mediators corresponding to different flavors
of quarks are degenerate, and their couplings are flavor diagonal.
We now consider in turn the various theories of Majorana fermion dark matter which
naturally lead to primarily spin-dependent WIMP-nucleon cross sections. For each theory
we explore the range of dark matter and mediator masses which leads to a signal in direct
detection experiments, and the implications for the LHC.
• Via the SM Z
The axial couplings of the SM Z to quarks are proportional to I3, i.e. du = −dd = −ds.
From figure 7 we see that the current spin-independent bounds imply that for the spin-
dependent WIMP-nucleon cross section to be accessible to upcoming experiments the
dark matter mass must lie below about 400 GeV. Therefore, in most of the parameter
space that these experiments will probe the dark matter particle χ0 and its charged
partner χ+ are kinematically accessible to the LHC. Although this result was obtained
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in the context of a specific benchmark model, we do not expect the results in the general
case to to differ significantly.
• Via a Z ′
On comparison with equation (2.46), we see that the value of the coefficient is
dq = − ββ˜q
m2Z′
. (4.3)
As for the SM Z, we set du = −dd = −ds, since this choice is naturally consistent with
flavor constraints on new physics, and yields a conservative estimate for the mediator
mass. The values β and β˜ equal to a 12 correspond to chiral fermions having unit
charge under the Z ′. We use these as representative values. In figure 12 we have
shown the range of values of the Z ′ mass that would lead to a signal in direct detection
experiments at the current bound, or within two orders of magnitude of the current
bound. Unfortunately, the allowed range of masses is disfavored by precision electroweak
measurements, direct production and four-fermion point interactions [34, 35], except
perhaps for very specific charge assignments.
• Via colored vector bosons, Xµ
dq = − |αq|
2 + |βq|2
2(m2X,q −m2χ)
(4.4)
In the chiral limit, the X vector bosons which couple to left- and right-handed quarks
are distinct particles. In the absence of tuning, it is therefore natural for either the left-
or right-handed contribution to dominate. For the left-handed contribution, if the dark
matter particle is a SM singlet we expect that du = dd as a consequence of the SM SU(2)L
symmetry. Further, flavor constraints require dd = ds. Then the values of ∆u, ∆d and
∆s imply that there are large cancellations among the contributions of the different
left-handed quarks to the WIMP-nucleon cross section, which is therefore somewhat
suppressed. For the right-handed contribution, this cancellation can be avoided if du 
dd(= ds), or vice versa.
In figures 12 and 13 we have plotted the range of values of the X masses that would
lead to a signal at current direct detection experiments. In figure 12 we have set
dd = ds = 0 and du 6= 0, with αu = −βu = 12 , corresponding to one natural possibility
for the contribution from right-handed quarks. In figure 13, on the other hand, we
have set du = dd = ds, with αq = βq =
1
2 corresponding to the contribution from
left-handed quarks. We see that away from the resonance region at mχ = mX , the
colored vector boson masses lie at a TeV or below in all of parameter space. They are
therefore kinematically accessible to the LHC, and can be pair-produced through strong
interactions. The signal is jets + missing energy. Recent model-independent studies
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Figure 11: Current direct detection bounds on the spin-dependent (above) and spin-
independent (below) dark matter-nucleon cross sections. The spin-independent bound
assumes that dark matter has equal couplings to protons and neutrons.
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Figure 12: Estimates for the mediator masses if direct detection experiments see a signal
near the present bound (above) or two orders of magnitude below the present bound (below).
The colored mediators X, Φ and Q are assumed to couple only to up-type quarks, while the
charges of the Z ′ are assumed to be proportional to the charges of the SM Z. The masses
of X,Φ and Q must lie above the red dashed line, which corresponds to where the mediator
mass is equal to the dark matter mass.
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Figure 13: Estimates for the colored mediator masses if direct detection experiments see a
signal near the present bound (above) or two orders of magnitude below the present bound
(below), assuming equal couplings to up- and down-type quarks. The signal in direct detection
experiments is suppressed due to cancellations arising from quark spin fractions, leading to
lower values of the mediator masses.
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of dark matter signals at the LHC involving jets + missing energy may be found, for
example, in [39, 40], [41], [42].
• Via colored scalars, Φ
dq =
|αq|2 + |βq|2
4(m2Φ,q −m2χ)
(4.5)
As explained earlier, in the chiral limit the mediators of left- and right-handed interac-
tions are distinct. In figures 12 and 13 we have shown the range of values of the Φ mass
that would lead to a signal at current direct detection experiments. In figure 12 we have
set du 6= 0 and dd = ds = 0, with αu = −βu = 12 , corresponding to the right-handed
contribution. In figure 13 we have set du = dd = ds with αq = βq =
1
2 , corresponding to
the left-handed contribution. We see that away from the resonance region the Φ masses
lie below a TeV, which is promising for the LHC.
4.2 Real Vector Boson Dark Matter
The effective Lagrangian for WIMP-nucleon scattering in the case of real vector boson dark
matter takes the form,
L = bq(∂σBµ)Bν q¯γαγ5qσµνα. (4.6)
The corresponding cross section is
σ0 =
8m2χm
2
N
3pi (mχ +mN )
2
 ∑
q=u,d,s
bqλq
2 JN (JN + 1). (4.7)
Here bq is related to the mass and couplings of the colored fermions Q mediating the interac-
tion,
bq =
|αq|2 + |βq|2
(m2Q,q −m2B)
. (4.8)
We seek to explore the range of masses of Q and Bµ that give rise to a signal at current
direct detection experiments, and the resulting implications for the LHC. As in the cases of
X and Φ, in the chiral limit the mediators Q that couple to left-and right-handed quarks
are in general different particles, and the mediators corresponding to different flavors are
also distinct. Flavor constraints are satisfied provided the mediators associated with different
flavors are degenerate, and their couplings are flavor diagonal. For concreteness we employ
exactly the same conventions as earlier. Specifically, we first consider bu 6= 0, bd = bs = 0 with
αu = −βu = 12 , corresponding to the contribution from right-handed quarks. The results are
plotted in figure 12. We then consider bu = bd = bs with αq = βq =
1
2 , corresponding to the
contribution from left-handed quarks. The results are plotted in figure 13. From the figures,
we see that a signal at current spin-dependent direct detection experiments implies that the
masses of the colored fermions lie at a TeV or below, which is within the kinematic reach of
the LHC.
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5. Conclusions
We have classified dark matter candidates that have the property that WIMP-nucleon scatter-
ing is dominated by spin-dependent interactions. We have established that in this scenario the
natural dark matter candidates are Majorana fermions or real vector bosons, while scalars are
disfavored. Dirac fermion and complex vector boson dark matter are also disfavored except
for very specific choices of quantum numbers. Therefore spin-dependent WIMP-nucleon cross
sections are closely associated with theories where the dark matter particle is its own anti-
particle. Furthermore, we have shown that such theory predicts either new particles close to
the weak scale with SM quantum numbers, or a new Z ′ gauge boson with mass at or below
the TeV scale. In the region of parameter space that is of interest to current direct detection
experiments, these particles naturally lie in a mass range that is kinematically accessible to
the Large Hadron Collider (LHC).
These results also have implications for experiments involving neutrino telescopes search-
ing for the products of dark matter annihilation in the sun. The rate of dark matter capture
in the sun is controlled by the cross section for WIMP-nucleon scattering, which therefore
impacts the signal. These experiments currently provide stronger limits on the spin-dependent
WIMP-proton cross section than direct detection experiments [43, 44], [45]. A dark matter
signal at neutrino telescopes, if arising from spin-dependent WIMP-proton scattering, can be
translated into limits on the mediator masses. This also has implications for the LHC. We
plan to present the results of this analysis in a separate publication [46].
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Appendices
A. Relevant Fierz Identities
We list here the Fierz identities that are necessary to obtain our results. The results pre-
sented are for anti-commuting fields. Throughout these appendices, unless explicitly stated
otherwise, we follow the conventions of Peskin and Schroeder [47].
q¯χχ¯q = −1
4
[
q¯qχ¯χ+ q¯γµqχ¯γµχ+ q¯γ
5qχ¯γ5χ− q¯γµγ5qχ¯γµγ5χ+ 1
2
q¯ σµνqχ¯ σµνχ
]
(A.1)
q¯γ5χχ¯γ5q = −1
4
[
q¯qχ¯χ− q¯γµqχ¯γµχ+ q¯γ5qχ¯γ5χ+ q¯γµγ5qχ¯γµγ5χ+ 1
2
q¯ σµνqχ¯ σµνχ
]
(A.2)
q¯γ5χχ¯q = −1
4
[
q¯qχ¯γ5χ+ q¯γµqχ¯γµγ
5χ+ q¯γ5qχ¯χ− q¯γµγ5qχ¯γµχ− iµναβ q¯ σµνqχ¯ σαβχ
]
(A.3)
q¯γµχχ¯γµq = −
[
q¯qχ¯χ− 1
2
q¯γµqχ¯γµχ− q¯γ5qχ¯γ5χ− 1
2
q¯γµγ5qχ¯γµγ
5χ
]
(A.4)
q¯γµγ5χχ¯γµγ
5q = −
[
−q¯qχ¯χ− 1
2
q¯γµqχ¯γµχ+ q¯γ
5qχ¯γ5χ− 1
2
q¯γµγ5qχ¯γµγ
5χ
]
(A.5)
q¯γµχχ¯γµγ
5q = −
[
−q¯qχ¯γ5χ− 1
2
q¯γµqχ¯γµγ
5χ+ q¯γ5qχ¯χ− 1
2
q¯γµγ5qχ¯γµχ
]
(A.6)
B. Fermionic dark matter scattering cross section
Let χ represent a fermionic dark matter particle, q a quark, n a nucleon and N a nucleus.
We consider elastic scattering of the WIMP off a nucleus
χ(p1) +N(p2)→ χ(p3) +N(p4).
We can write down the effective Lagrangian at the partonic level in the general case as
follows,
L = χ¯(α+ βγ5)χ q¯(α˜+ β˜γ5)q + λq χ¯Γµχ q¯ Γ˜µq + cq χ¯Λµνχ q¯Λ˜µνq. (B.1)
where the 1, γ5, Γ and Λ matrices span the Dirac matrix subspace.
The average speed of χ in the halo is 300 km/s. This means that the scattering with
nuclei in direct detection experiments is highly non-relativistic and calls for an appropriate
treatment. In particular, cross sections which are velocity suppressed are generally smaller
by a factor of order 10−6, and can be neglected.
It is important to identify the terms which are relevant in the low-energy limit. This can
be done schematically as follows. We can expand a fermion field ψ ∼ au+ b†v where u and v
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are independent spinor solutions to Dirac equation. In the non-relativistic limit, u, v reduce
to
u =
(√
p.σξ√
p.σ¯ξ
)
NR limit−−−−−→ √m
(
ξ
ξ
)
v =
( √
p.ση
−√p.σ¯η
)
NR limit−−−−−→ √m
(
η
−η
)
. (B.2)
From this it follows that,
ψ¯ψ ≈ 2m
[
a†a+ b†b
]
(B.3)
ψ¯γ5ψ ≈ 0 (B.4)
ψ¯γµψ ≈ 2m
[
a†a+ bb†
]
δµ0 (B.5)
ψ¯γµγ5ψ ≈ 2m
[
a†a
(
ξ†σiξ
)
+ bb†
(
η†σiη
)]
δµi (B.6)
ψ¯ σµνψ ≈ 2m
[
a†a
(
ξ†σkξ
)
+ b†b
(
η†σkη
)]
δµiδνjijk. (B.7)
We note the following features.
1. The scalar and vector bilinears just yield the number operator. Therefore, when these
operators are evaluated in the nuclear state, they add coherently, generating spin-
independent interactions. The axial-vector and the tensor bilinears on the other hand
yield the spin-operator, and hence couple to the net spin of the nucleus.
2. The vector interaction picks out the temporal component, while the axial-vector inter-
action picks out the spatial component. Therefore, 4-fermion operators mixing these
will be velocity suppressed.
This analysis is schematic and does not account for the complications arising from strong
nuclear dynamics in the case of quark bilinears. However, as we shall see later, incorporating
these effects does not alter these conclusions. From this it follows that only the following
terms survive in the non-relativistic regime:
L = aq χ¯χ q¯q + bq χ¯γµχ q¯γµq + dq χ¯γµγ5χ q¯γµγ5q + cq χ¯ σµνχ q¯ σµνq. (B.8)
The first two terms lead to spin-independent scattering, while the remaining two lead to
spin-dependent scattering. The particle χ could be either a Dirac or a Majorana fermion. We
specify the distinction where applicable.
Since the momentum transfers in WIMP-nucleus scattering are generally small compared
to the characteristic nuclear scales, dark matter cross sections are expressed in terms of the
cross section at zero momentum transfer, σ0. This is itself a good approximation to the total
cross section σ if the nucleus is small. For scattering off larger nuclei, the momentum-transfer
dependence of the cross section can be parametrized into a form factor F (|~q|) [48]. Define,
σ0 =
∫ 4µ2v2
0
d|~q|2 dσ(q = 0)
d|~q|2 . (B.9)
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where µ is the reduced mass, and v is the velocity. The actual cross section can be written
in terms of σ0,
σ =
∫
d|~q|2 dσ
d|~q|2 (B.10)
=
∫
d|~q|2 F 2(|~q|) dσ(q = 0)
d|~q|2 (B.11)
=
σ0
4µ2v2
∫
d|~q|2 F 2(|~q|) . (B.12)
It is conventional to work with σ0 to calculate event rates, since the form factor integral is
independent of the details of the particle physics model (it only depends on the mass of the
dark matter particle). The form factor obviously satisfies F (0) = 1. Numerical or analytical
estimates for form factors are available [49, 48].
B.1 Scalar Interaction
We begin with the Lagrangian,
L = aq χ¯χ q¯q. (B.13)
Dirac and Majorana particles can both have scalar interactions. We assume a Dirac particle
to start with. We work out the amplitude in detail in this case to make the definitions of
the various matrix elements clear. The S-matrix element arising from this interaction has the
form
Mif δ(4)(p1 + p2 − p3 − p4) =
∑
q
∫
d4x aq〈χf , Nf |χ¯(x)χ(x) q¯(x)q(x)|χi, Ni〉. (B.14)
We can separate the co-ordinate dependence using the translation operator. Consider the
matrix element,
〈Nf (p4)| q¯(x)q(x)|Ni(p2)〉 = 〈Nf (p4)| eiP ·xq¯(0)e−iP ·xeiP ·xq(0)e−iP ·x|Ni(p2)〉
= 〈Nf (p4)| q¯(0)q(0)|Ni(p2)〉e−i(p2−p4)·x. (B.15)
In the limit of small momentum transfer this becomes
〈Nf (p4)| q¯(x)q(x)|Ni(p2)〉 ≈ 〈Nf | q¯q |Ni〉 e−i(p2−p4)·x. (B.16)
where |Ni〉 represents a state corresponding to a nucleus at rest. Therefore, in the low energy
limit, we can write the amplitude in terms of the quark matrix elements in nuclear states
at rest. These matrix elements here on are position independent low-energy quantities. The
amplitude is then
Mif δ(4)(p1 + p2 − p3 − p4) =
∑
q
∫
d4x aq 〈Nf | q¯q |Ni〉 〈χf | χ¯χ |χi〉 e−i(p1+p2−p3−p4).x
=
∑
q
aq 〈Nf | q¯q |Ni〉 〈χf | χ¯χ |χi〉 δ(4)(p1 + p2 − p3 − p4).
(B.17)
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Therefore,
Mif =
∑
q
aq〈Nf |q¯q|Ni〉〈χf |χ¯χ |χi〉. (B.18)
In this expression we are employing the conventional relativistic normalization for the one
particle states,
〈N(p)|N(q)〉 = 2Epδ(3)(p− q). (B.19)
On the other hand, the nuclear physics matrix elements we seek to determine are generally
expressed in terms of states normalized according to the non-relativistic convention,
〈N˜(p)|N˜(q)〉 = δ(3)(p− q). (B.20)
Therefore, in the non-relativistic convention,
Mif = 4mχmN
∑
q
aq〈N˜f | q¯q |N˜i〉. (B.21)
In equation (B.21), we use the low-energy expression (equation (B.3)) for χ, which gives
us a factor of 2mχ. The other factor of 2mN comes from the relative factor in relativistic
normalization. In the case where χ is Majorana, both the a†a and b†b terms would contribute,
giving an additional factor of two over equation (B.21). The nuclear states |N˜〉 are now
normalized non-relativistically. We must now evaluate the quark operator matrix element in
the nuclear state.
The matrix element of the light quarks (q = u, d, s) in the neutron and proton can
be computed in chiral perturbation theory from measurements of pion-nucleon sigma term
[50, 51, 52].
〈n|mq q¯q |n〉 = mnf (n)Tq . (B.22)
where n represents either the proton or the neutron.
The heavy quarks contribute to the mass of the nucleon through the triangle diagram
[53]. Using the heavy quark expansion, it can be shown that the matrix element for heavy
quarks is,
〈n|mq q¯q|n〉 = 2
27
mn
1− ∑
q=u,d,s
f
(n)
Tq
 . (B.23)
for q = c, b, t. Thus, we can define effective coupling of the dark matter with protons as
fp
mp
=
∑
q=u,d,s
aq
f
(p)
Tq
mq
+
2
27
1− ∑
q=u,d,s
f
(p)
Tq
 ∑
q=c,b,t
aq
mq
. (B.24)
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An analogous expression holds for the coupling to neutrons. We use f
(p)
Tu = 0.020 ± 0.004,
f
(p)
Td = 0.026±0.005, f (n)Tu = 0.014±0.003, f (n)Td = 0.036±0.008, and f (p,n)Ts = 0.118±0.062 [37].
The scalar interaction couples left and right-handed quarks. Therefore, we expect the
coupling aq to be proportional to the mass of the quarks (unless there are additional sources
of chiral symmetry breaking in the theory). Therefore, the ratio aq/mq is generally not large
even for small quark masses.
Performing the sum over the entire nucleus gives us the following expression for the
S-matrix element,
Mif = 4mχmN [Zfp + (A− Z)fn] . (B.25)
This leads to the following expression for the cross section of a Dirac dark matter particle at
zero-momentum transfer,
σ0 =
µ2
pi
[Zfp + (A− Z)fn]2 . (B.26)
where µ is the reduced mass of the WIMP-nucleus system.
The only difference for a Majorana particle in the calculation leading up to here is the
factor of two noted earlier. Therefore, the corresponding cross section for a Majorana particle
is simply
σ0 =
4µ2
pi
[Zfp + (A− Z)fn]2 . (B.27)
B.2 Vector Interaction
The vector interaction also contributes to the spin-independent coupling. The Majorana
fermion does not couple to the vector current, so the following discussion applies only to a
Dirac fermion.
L = bq χ¯γµχ q¯γµq. (B.28)
The calculation proceeds as in the previous case. Writing the matrix element in the low-energy
limit,
Mif =
∑
q
bq〈χf |χ¯γµχ |χi〉〈Nf |q¯γµq|Ni〉 (B.29)
= 4mχmN
∑
q
bq〈N˜f |q¯γµq|N˜i〉. (B.30)
The sea-quarks and the gluons do not contribute to the vector current. The valence quark
contributions all add up due to the conservation of the vector current. Therefore, the coupling
to protons and neutrons is now simply given as,
bp = 2bu + bd (B.31)
bn = bu + 2bd. (B.32)
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When the sum over the entire nucleus is performed, we get a form very similar to the scalar
case considered earlier,
Mif = 4mχmN [Zbp + (A− Z)bn] . (B.33)
This leads to the cross section
σ0 =
µ2
pi
[Zbp + (A− Z)bn]2 . (B.34)
B.3 Axial-Vector Interaction
The axial-vector interaction will be seen to be spin-dependent. The Lagrangian is
L = dq χ¯γµγ5χ q¯γµγ5q. (B.35)
This leads to the following matrix element in the limit of zero momentum transfer
Mif =
∑
q=u,d,s
dq〈χf |χ¯γµγ5χ|χi〉〈Nf |q¯γµγ5q|Ni〉. (B.36)
The sum is only over the light quarks because heavy quarks do not contribute significantly
to the spins of neutrons or protons. As before we go to the non-relativistic normalization,
Mif = 4mχmN
∑
q=u,d,s
dq〈χ˜f |χ¯γµγ5χ|χ˜i〉〈N˜f |q¯γµγ5q|N˜i〉. (B.37)
Recalling the expressions for the spinors in the non-relativistic limit,
〈χ˜f |χ¯γµγ5χ|χ˜i〉 = 2〈χ˜f |(Sχ)i|χ˜i〉δµi . (B.38)
We can write the quark spin operator in terms of the spin expectation values of the proton
and the neutron in the nucleus,
〈N˜f |q¯γµγ5q|N˜i〉 = 2δµi
(
〈N˜f |(Sp)i∆pq |N˜i〉+ 〈N˜f |(Sn)i∆nq |N˜i〉
)
. (B.39)
where ∆nq is the part of the spin of the nucleon n carried by quark q. The nuclear state is
specified by the angular momentum quantum numbers (JN , JNz). Using the Wigner-Eckart
theorem, we can write the combination of the spin-operators above in terms of the nuclear
spin operator [31].
〈~Sp〉∆pq + 〈~Sn〉∆nq ≡ λq〈N˜f | ~JN |N˜i〉. (B.40)
Conventionally, the angular momentum matrix elements are reported in the z-projection in
the highest MJ state [54].
〈S〉 ≡ 〈J,MJ = J |Sz|J,MJ = J〉. (B.41)
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Then, the constant of proportionality is given by
λq =
〈Sp〉
JN
∆pq +
〈Sn〉
JN
∆nq , (B.42)
where 〈Sp,n〉/JN is the fraction of the nuclear spin carried by protons or neutrons. For
example, we can estimate λq in single-particle shell model of nuclei [55, 56]. Here the spin of
the nucleus is due to the unpaired nucleon n. Then
λq = ∆
n
q
〈N˜f |~Sn · ~JN |N˜i〉
JN (JN + 1)
=
1
2
∆nq
[
1− Ln(Ln + 1)− Sn(Sn + 1)
JN (JN + 1)
]
. (B.43)
However, the value of λq is different in cases when the shell-model fails, and must then be
estimated numerically.
We can now write the scattering amplitude in terms of nuclear spin,
Mif = 16mχmN
∑
q=u,d,s
dqλq〈N˜f | ~JN |N˜i〉 · 〈χ˜f |~Sχ|χ˜i〉. (B.44)
Squaring and summing/averaging over final and initial states,
〈|M|2〉 = 1
2 (2JN + 1)
∑
χi,χf ,Ni,Nf
|Mif |2
=
256m2χm
2
N
2(2JN + 1)
 ∑
q=u,d,s
dqλq
2 1
2
∑
Nf
〈N˜f |J2N |N˜f 〉
= 64m2χm
2
N
 ∑
q=u,d,s
dqλq
2 JN (JN + 1). (B.45)
Hence the cross section in the NR limit is given as
σ0 =
4µ2
pi
 ∑
q=u,d,s
dqλq
2 JN (JN + 1). (B.46)
We can repeat this exercise for the Majorana fermion, with the only difference again being a
factor of two in the low energy expression for the bilinear. Therefore, the expression for cross
section for the Majorana particle is just 4 times the cross section for a Dirac particle.
σ0 =
16µ2
pi
 ∑
q=u,d,s
dqλq
2 JN (JN + 1). (B.47)
Values of dq are obtained from theory while the value λq depends on the nucleus. For
scattering off free protons (neutrons), λq reduces to ∆
p
q (∆nq ).
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B.4 Tensor Interaction
We now consider the tensor interaction
L =
∑
q
bq χ¯ σ
µνχ q¯ σµνq. (B.48)
In the non-relativistic limit, this interaction will also yield spin-dependent interactions. Again,
the current in the case of a Majorana fermion vanishes, so the following applies to a Dirac
fermion only. We note that in the non-relativistic limit the bilinears that arise are very similar
to the axial-vector case. Therefore, we can adapt that calculation to this after accounting for
some extra factors. Specifically
Mtensor =
∑
q=u,d,s
bq 〈χf , Nf | χ¯ σµνχ q¯ σµνq |χi, Ni〉 (B.49)
= 2Maxial-vector. (B.50)
Since everything else including the kinematic factors are the same, this simply translates into
a factor of 4 in the cross section. Thus,
σ0 =
16µ2
pi
 ∑
q=u,d,s
bqλq
2 JN (JN + 1). (B.51)
C. Vector dark matter scattering cross section
We saw that in the case of real vector boson dark matter the effective interactions that survive
in the non-relativistic limit have either the scalar or the axial-vector form. Using the analysis
above, we can easily calculate the cross sections in these cases.
C.1 Scalar Interaction
The scalar term in the Lagrangian is written as
L = aqmBBµBµq¯q. (C.1)
The additional factor of mass in the definition is simply to maintain the analogy with the
four-fermion interaction. Then, in the limit of zero momentum transfer
Mif = 4mN mB [Zfp + (A− Z)fn]µ∗(p3)µ(p1). (C.2)
where ~p3 ≈ ~p1 ≈ 0. The quantities fp and fn are defined exactly as in the scalar case.
fp
mp
=
∑
q=u,d,s
aq
f
(p)
Tq
mq
+
2
27
1− ∑
q=u,d,s
f
(p)
Tq
 ∑
q=c,b,t
aq
mq
. (C.3)
This leads to the cross section,
σ0 =
µ2
pi
[Zfp + (A− Z)fn]2, (C.4)
where µ is the reduced mass.
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C.2 Axial-Vector Interaction
The form of the Lagrangian is
L = bq(∂σBµ)Bν q¯γαγ5qσµνα. (C.5)
This leads to the matrix element
Mif = 4bqmNmB 0µνα∗µ(p3)ν(p1)〈N˜f |q¯γαγ5q|N˜i〉, (C.6)
where as before ~p3 ≈ ~p1 ≈ 0.
〈|M|2〉 = 128
3(2JN + 1)
m2Nm
2
B
 ∑
q=u,d,s
bqλq
2∑
Nf
〈N˜f |J2N |N˜f 〉. (C.7)
The corresponding cross section is then
σ0 =
8µ2
3pi
 ∑
q=u,d,s
bqλq
2 JN (JN + 1), (C.8)
where µ is again the reduced mass of the WIMP-nucleus system.
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